The concept of an //-set (a generalization of an //-closed space) was introduced by N. V. Velicko. In this paper we obtain internal properties of //-sets in terms of the Itiadis absolute EX and the Hausdorff absolute PX. Some of the main results are:
Introduction.
Throughout this paper all spaces are assumed to be Hausdorff. Our main interests in this paper are the //-closed subspaces and the //-sets of a given space X. Our goal is to characterize these subsets. Our first attempt toward such a characterization is to consider preimages of these subsets in the Iliadis absolute EX and the Hausdorff absolute PX. If X is an //-closed Urysohn space we obtain an answer, namely: A c X is an //-set iff P~\A) c PX is an //-set. For //-closed subspaces of an //-closed Urysohn space the situation is less clear. We give an example of such a space X and an //-closed subspace A such that P~\A) is not //-closed.
For the case of non-Urysohn //-closed spaces the situation differs. We present an example of an //-set in a space X which is not the image of a compact subset of EX(oτ an //-set in PX).
Although our approach to these questions is quite technical, results 4.7, 4.8, 5.1 and 5.7(i) show that it is rather useful. However, many questions remain unanswered.
such as regular open (closed) subset and the semiregularization of a space X are assumed to be known. The papers [5] , [6] and [14] provide the necessary background.
For a space X, τ x denotes its topology and τ s denotes the topology of the semiregularization X s of X If x E I, U x [or V x ] always denotes an open neighborhood of x in X.
In particular, if X is //-closed then cl U x is //-closed. It is well-known that X is //-closed iff X s is minimal Hausdorff. In particular, a space is minimal Hausdorff iff it is semiregular and //-closed (see [5] ). 
It is obvious that continuous maps are ^-continuous, and that a 0-continuous map /: X -» Y is continuous if the space Y is regular. 0-continuous functions must be treated rather carefully, as they may cause unexpected problems. 
The
Iliadis absolute EX of a space X is the subspace consisting of the fixed ultrafilters in the Stone space of the Boolean algebra of the regular open subsets of X There is a natural map π: EX -> X defined by: 7r( &) = (Ί{cl F: Fe.f}. The following statements are well-known (see [4] and [14] ).
(i) EX is extremally disconnected and Tychonof f.
(ii) EX is compact iff X is //-closed. [6] , [7] and [14] . The following theorem will be used in several places.
2.3. THEOREM [12] . Proof. Assume the space X is not //-closed. Let ϊF be an open filter on X without an accumulation point in X As the map / is closed and irreducible, the collection:
Hence, Γ -/(X -f/)isa neighborhood of y e Y with the property that (
Note that the property of being an H-set in X is an embedding property, i.e. it is not determined by the topology of A. If A c X and A c y then it is possible that ^4 is an //-set in X but not in Y (see 4.2) .
However, we will use the terminology: "Let A be an H-set" instead of let "A be an H-set in X" when no ambiguity is possible. In the following lemma we collect some properties of iϊ-sets. All the statements in this lemma are easy to verify.
LEMMA, (i) If A is an H-set in X, then A is closed. (ϋ) If A is a H-set in X and X c 7, then A is an H-set in Y. (iii) Iff: X -> Y is θ-continuous and A c X is an H-set, thenf(A) is an H-set in Y.
( Proof, (i) It is straightforward to check that the map id: (X,τ) -* (X, Tjzr) is ^-continuous. The conclusion follows.
iv) A is an H-set in XiffA c X s is an H-set in X s (v) An H-set in a regular space is compact. (vi) Let B be a regular closed subset of X. If A a X is an H-set and B c A then B is H-closed.
(ii) Define J^= {F\F is an open and dense subset of (X, r)}. D
H-closed Urysohn spaces.
We start our investigations on preimages of closed subsets of X in EX and PX in the class of //-closed Urysohn spaces. Recall that a space X is Urysohn, if distinct points of X have disjoint closed neighborhoods. The following theorem is well-known.
3.1. THEOREM [5] . A space X is H-closed and Urysohn iff X s is compact. D
We immediately obtain the following trivial result.
PROPOSITION. Let Xbe an H-closed Urysohn space. Then: (i) A is an H-set of X iff A is a compact subspace of X s . (ii) A is an H-closed subspace of X iff A is a compact subspace of X s and the restriction of the map id: X s -> X to A, i.e. the map id:
(
iii) A c X is an H-set of X iff A is the intersection of H-closed subsets ofX.
Proof, (i) Combine parts (iv) and (v) in Lemma 2.4.
(ii) See Corollary 2.3.
(iii) Let A be an //-set in X. Then A c. X s is compact, hence, A =Γ\{U i : U ι a regular closed subset of X s , t^ D A). However, as U t is regular closed, U i9 considered as a subspace of X, is //-closed. The conclusion follows. The converse follows directly from (i) and (ii). D
COROLLARY. Let X be an H-closed space. The following statements are equivalent:
(i) X is Urysohn.
ii) Every centered system of H-sets has non-empty intersection. (iii) Every centered system of H-closed subspaces has non-empty intersection.
Proof,
Assume the space X is not Urysohn. Choose JC, y e X such that x and y are not contained in disjoint closed neighborhoods. Obviously, the collection {c\U x \U x } U {clC^|L^} is a centered system of Hclosed subspaces with empty intersection. D 3.4. REMARK. Of course Proposition 3.2 can hardly be considered to be an intrinsically interesting statement. There is a similar statement for arbitrary Hausdorff spaces, namely:
(i) A is an H-set of X iff A is an 7/-set of X s .
(ii) A is an /^-closed subset of X iff A is an /f-closed subset of X s and the map id: A (c X) -> ^4 (c X s )v& ^-continuous.
The reason why we added Proposition 3.2, is in fact that the Hausdorff absolute PX is always an Urysohn space.
3.5. THEOREM. Let X be an H-closed Urysohn space. The following are equivalent:
THEOREM. Let Xbe an H-closed Urysohn space. Then: (ϊ) A a X is H-closed iff π~ι(A) is compact and the restricted map π: π~λ(A) -> A is θ-continuous. iμ)IfA c X is H-closed then P'\A) c PXis an H-set in PX.
Proof, (i) This follows directly from 3.2(ϋ) and the fact that the map π: E(X S ) -> X s is continuous.
(ii) This follows from 3.5(ii) . D Comparing 3.6(i) and 3.6(ϋ) one might hope for the following statement to be true.
However, the following example shows that such hope is in vain. It is easy to see that the statements in 3.5 and 3.6 about //-sets and //-closed subspaces remain valid in spaces which admit an //-closed Urysohn extension. D 4. The non-Urysohn case. The situation for the class of nonUrysohn //-closed spaces differs completely from the previous class. If we consider Corollary 3.3 we already obtain the following:
THEOREM. Let X be an H-closed space and assume X satisfies one of the following properties: (i) A c Xis an H-set iffπ~\A) c EX is compact. (ii) A c Xis an H-set iffP~\A) c PXis an H-set. (iii) If A c Xis H-closed then π~\A) is compact. (iv) If A c X is H-closed then P~\A) is an H-set in PX.
Then X is an Urysohn space (and therefore X satisfies all these properties). Let π(f): EX -* Y be the unique perfect, irreducible and continuous map such that TΓ = / ° π(f). We observe the following:
(i) A x and A 2 are //-closed subspaces but A x Π A 2 is not an //-set in X (compare 3.2(ϋi)).
(ii) A = N U {ωj is an H-set in X, butf~\A) c Fis not compact, hence TΓ" 1^) c j?X is not compact, and P~\A) is not an //-set in PX Moreover, A is a subset of the regular closed subset
However, A is not an //-set in K.
(iii) A x c X is //-closed and /: /~1(^4 1 ) -» yί x is ^-continuous. But f~\A x ) c 7 is not compact nor is π~ι(A x ) c EX, although the map π: The following example shows that such hope is in vain. 4.5. EXAMPLE. We use the example we constructed in [12] in the following way.
Define Z = {-\/n\n e N} U {0} U {\/n\n e N} and put X = Z X [0, 1] . On X the following topology is defined. In [5] Katetov proved that an //-closed space in which every closed subset is //-closed must be compact. His proof was based on the first part of the following theorem.
THEOREM. If {Aj} iGl is a totally ordered collection (w.r.t. inclusion) ofH-closed subspaces of a space X, then:
(i) [5] ΓU,* 0.
(ii) There exists a non-empty compact subset B c EX such that π(B) = ΠAj. In particular, Π A f is an H-set in X.
Proof, (ii) We may assume that the collection is well-ordered. Form {A a } a<y where a < β < (< γ) *> A β < A a . Let B λ be a compact subset of EX such that T^/^) = A v (see 2.3) Assume for a < β( < γ) a compact subset B a c £Xis defined such that π(B a ) = ^4 α and α x < α 2 ** Proof. By the result of Katetov cited above it suffices to show that all closed subsets of X are //-closed. Let A be a closed subset of X. Well-order X -A, say X -A = {xja < γ}. We construct a sequence { H a \a < γ} of //-closed subspaces such that (i)a<β(<y)=>H p cH a a . As follows: X is //-closed, hence an //-set. By assumption, X is minimal Hausdorff. Hence, there exists a regular closed subset H x a X such that A a H λ c X -{χ λ }. Observe that H λ is //-closed.
Assume for a < β (< γ) the H a are defined.
Case 1. /? is not a limit ordinal, say β = β 0 4-1. By assumption, H βo is minimal Hausdorff. There exists a regular closed (hence //-closed) subset H β in H βo such that icJϊ^c //^ -{ JC^}.
2. /? is a limit ordinal. According to 4.7 Π a< βH a is an //-set in X, hence Π α<j8 H a is minimal Hausdorff. But then there exists an //-closed subset//^ c n α</? i/ α suchthatΛ c H β c Π a<β H a -{x β }.
We conclude from 4.7 that ^4 = Π α<γ // α is an //-set, hence ^4 is minimal Hausdorff. D 4.9. Question. Let X be an //-closed space. Does one of the following properties imply that X is compact?
(i) All //-sets are //-closed, (ϋ) All //-closed subspaces of X are minimal Hausdorff. D
Next we establish the existence of a non-compact minimal Hausdorff space every regular closed subset of which is minimal Hausdorff. First we consider a special case. Proof. Assume X is not compact. Since the space X is countable, X is not countably compact. Let i4 = {αJweN} bea countable closed dis-
